We propose a new mechanism for the thermal Hall effect in exchange spin-wave systems, which is induced by the magnon-phonon interaction. Using symmetry arguments, we first show that this effect is quite general, and exists whenever the mirror symmetry in the direction of the magnetization is broken. We then demonstrate our result in a collinear ferromagnet on a square lattice, with perpendicular easy-axis anisotropy and Dzyaloshinskii-Moriya interaction due to mirror symmetry breaking. The thermal Hall conductivity is estimated using realistic material parameters.
The spin-lattice interaction in solids is responsible for a wide spectrum of cross-correlated phenomena. A wellknown example is the coupling between dielectric and magnetic order in multiferroics [1] [2] [3] . It can also manifest in the dynamics of elementary excitations such as magnons and phonons, in the form of magnon-phonon interaction. For example, it has been demonstrated that magnons that couple to optical phonons can be launched by an electric field [4, 5] , paving the way to the electric generation of magnon spin current [6] . On the other hand, the dynamics of phonons can be modified by the magnon-phonon interaction as well, as in the case of nonreciprocal sound propagations observed in Cu 2 OSeO 3 with an applied magnetic field [7] .
Another important scenario in which the magnonphonon interaction is expected to play a significant role is the thermal Hall effect. In a magnetic insulator, the heat current can be carried by either magnons or phonons. Thus the thermal Hall effect can be used as an effective probe of these charge-neutral excitations. Indeed, thermal Hall effects attributed to magnons [8] [9] [10] and phonons [11] [12] [13] [14] have been reported. Theoretical explanations have so far assumed that the low-energy excitations can be described by independent magnons or phonons [15] [16] [17] [18] [19] [20] [21] . However, if the magnon-phonon interaction is strong, considering the magnon-phonon hybrid as a whole is more appropriate. Recently, Takahashi and Nagaosa have studied the magnon-phonon interaction arising from long-range dipolar couplings [22] . However, the consequence of the magnon-phonon interaction from short-range couplings (such as symmetric or antisymmetric exchange) on the thermal Hall effect is yet to be explored.
In this Letter we investigate the effect of the magnonphonon interaction on the thermal Hall effect. Using symmetry arguments, we show that the magnon-phonon interaction can induce a thermal Hall effect whenever the mirror symmetry in the direction of the magnetization is broken. In the limit of strong magnetic anisotropy this effect can be understood as a phonon Hall effect, driven by an effective magnetic field in the phonon sector introduced by the magnon-phonon interaction. In the more general case where the magnons and phonons are close in energy, we have developed a theory to treat both excitations on an equal footing. We demonstrate our theory in a collinear ferromagnet on a square lattice, with perpendicular easy-axis anisotropy and DzyaloshinskiiMoriya (DM) interaction due to mirror symmetry breaking ( Fig. 1 ). In this model, the thermal Hall effect is entirely due to the magnon-phonon interaction. The thermal Hall conductivity is estimated using realistic material parameters. Our result sheds new light on the dynamical aspect of the spin-lattice interaction, and may find applications in the emerging field of spin caloritronics [23] .
Symmetry consideration.-We begin our discussion by analyzing the symmetry of a magnon-phonon coupled system. Consider a two-dimensional (2D) spin system described by the Hamiltonian
where J > 0 represents the nearest-neighbor ferromagnetic exchange, and K > 0 is the perpendicular easy-axis anisotropy. The third term describes the DM interaction due to the out-of-plane mirror-symmetry breaking. Here D ij = DR ij ×ẑ with D being the strength of the DM interaction, andR ij ≡ (R i −R j )/(|R i −R j |) is the bond direction from site j to site i. The direction of D ij is inplane and perpendicular to the bond direction, as shown in Fig. 1(b) . We restrict our discussion to D < √ JK/2 such that the ground state remains a collinear ferromagnet.
The spin-wave Hamiltonian can be obtained by expanding the spin operator in Eq. (1) around its ground state expectation value, i.e., δs i = s i − Sẑ. To the lowest order, the spin-wave Hamiltonian reads
where ζ is the coordination number. Note that the DM interaction is absent. This can be seen by expanding the DM interaction, After summing over all lattice sites, the total DM interaction vanishes within the linear spin-wave theory. This is a general consequence of the DM vector D ij being perpendicular to the magnetization. If D ij is parallel to the magnetization, then the DM interaction explicitly enters into the spin-wave Hamiltonian and, as shown in previous work, gives rise to a thermal Hall effect carried by magnons [8, 10, [15] [16] [17] .
Since the DM interaction is absent in the spin-wave Hamiltonian, the magnon subsystem alone does not exhibit the thermal Hall effect. This can also be understood by the following symmetry consideration. The thermal Hall effect is described by j Q = α xyẑ × ∇T , where j Q is the heat current, ∇T is the temperature gradient, and α xy is the thermal Hall conductivity. Even though the spin-wave Hamiltonian in Eq. (2) breaks the timereversal symmetry, it remains invariant under the combined time-reversal (T ) and spin rotation (C x ) by 180
• around the x-axis (or any in-plane axis). Since j Q is odd and ∇T is even under T C x , the existence of the T C x symmetry forbids the thermal Hall effect. This is reminiscent of a well-known fact about the anomalous Hall effect: it vanishes in a uniform ferromagnet in the absence of the spin-orbit interaction [24] .
For the phonon part, we consider a simple coupledoscillator model described by the Hamiltonian
where M is the ion mass,
i is the displacement of the ith ion from its equilibrium position R 0 i , p i =u i is the canonical momentum conjugate to u i , and Φ αβ ij is the dynamical matrix describing inter-ion interactions. Obviously, due to the presence of time-reversal symmetry, the phonon subsystem alone does not exhibit the thermal Hall effect either.
The magnon-phonon interaction enters through the dependence of the exchange interaction on the ion displacement u i , i.e., phonons. For the isotropic Heisenberg exchange, we find that expanding J(R ij ) in terms of u i only normalizes the magnon energy, and cannot lead to the thermal Hall effect since it preserves the rotational symmetry in the spin space [22] . On the other hand, the in-plane DM interaction will have a nontrivial contribution to the magnon-phonon hybrid. Expanding the DM interaction in Eq. (3) to the first order in u i , we find
where T αβ (R) is the magnon-phonon coupling matrix,
with γ = −(dD/dR)/(D/R). In obtaining Eq. (6), we note that the DM interaction depends on both the bond length R ij and the bond directionR ij . It is clear that at the lowest order of the expansion, only the in-plane phonon modes are involved in the magnon-phonon interaction, and we shall only consider these modes from now on.
Since the magnon-phonon interaction in Eq. (5) couples the spin δs to the displacement field u, it can be regarded as an effective spin-orbit interaction for the magnon-phonon hybrid. In particular, it breaks the T C x symmetry, making the thermal Hall effect possible. We have therefore found an interesting example in which neither the magnons nor the phonons alone exhibit the thermal Hall effect, but the magnon-phonon hybrid could via the magnon-phonon interaction.
We can also deduce the dependence of the thermal Hall conductivity α xy on the DM interaction D ij and the magnetization M . Since α xy is invariant under the outof-plane mirror reflection, flipping the sign of D, which is determined by the mirror-symmetry breaking, does not change the sign of α xy , i.e., α xy must be an even function of D. However, if we flip the direction of the magnetization M , the whole system turns into its time-reversal counterpart. Therefore, reversing the ground state magnetization changes the sign of α xy .
Large magnetic anisotropy limit.-Having established the symmetry requirement for the magnon-phonon interaction induced thermal Hall effect, we now develop a quantitative theory. Let us first consider the limit of large magnetic anisotropy, K k B T . In this limit, the magnons are pushed well above phonons in energy, and the thermal transport is mainly contributed by phonons. We can thus integrate out the magnon degree of freedom to obtain an effective Hamiltonian for phonons [25] . Leaving the details in the Supplementary Material [26] , we find that the effective Hamiltonian for phonons is given by [26] . Eq. (7) describes a phonon system in a perpendicular magnetic field, as mentioned in Ref. 27 , and can lead to the thermal Hall effect of phonons.
We note that the mechanism of this phonon Hall effect is different from that originated from the Raman type spin-lattice interaction [18, 28] . In the Raman type interaction, the phonon modes couple to the static spin ground state, while in our model, phonons couple to magnons which describe the dynamic of the spin system.
Magnon-phonon hybrid.-Generally, if the magnon and phonon bands are close in energy, we need to treat them on an equal footing and consider the complete Hamiltonian that includes both magnons and phonons, such that H = H sw + H ph + H int . As a simple example, we consider a magnon-phonon interacting system on a 2D square lattice. The linear spin wave model in Eq. (2) can be solved by applying the Holstein-Primakoff transformation [29] , δs ix = S/2(a i + a † i ), δs iy = −i S/2(a i − a † i ), and δs iz = −a † i a i , where a i and a † i are the creation and annihilation operators for magnons at the i-site. This transformation gives rise to the magnon band dispersion E mq = 2SJ[2 − cos(q x a) − cos(q y a)] + K(2S − 1)/2. For the phonon part, we consider the first and the second nearest neighbor interactions without loss of generality (see Fig. 1(c) ). The dynamic matrix in this case is given in the Supplementary Material [26] .
The dynamics of the magnon-phonon hybrid excitation can be determined by the generalized Bogoliubov-de Gennes (BdG) equation. To do this, we transform into the Fourier space and work in the basis ofψ 
where the matrix J is given by
The effective Hamiltonian matrix of the hybrid system H q has the form
where M 1 is a real diagonal matrix proportional to the DM strength D, which is given by
(11) The frequency of the magnon-phonon hybrid excitation can be derived by solving the eigenvalue problem of the generalized BdG equation E nq J Ψ nq = H q Ψ nq with Ψ nq being the coefficient matrix of basisψ q . Note that this system has a particle-hole symmetry, meaning that the spectrum has a positive branch and a negative branch. Since the excitation spectrum can only have positive energies, the negative branch is redundant.
We derive the thermal Hall conductance of the magnon-phonon hybrid excitation using the wave packet theory [30] . The wave packet of the hybrid excitation is written as |W = dq 2 w(q, t)e iq·r |Ψ nq , where w(q, t) is the envelop function centered around the center-of-mass momentum q c = dq 2 |w(q, t)| 2 q. Accordingly, the center of the wave packet in real space is given by r c = W |J r|W / W |J |W .
We derive the equation of motion for the wave packet from the Lagrangian L = W |ihJ d/dt − H|W / W |J |W , and W |H|W / W |J |W = E nqc . Using the EulerLagrangian equation, we can obtain the equation of motion for the wave packet center r c [20, [31] [32] [33] 
where U (r) is the potential felt by the wave packet, and the Berry curvature is defined by Ω z n = ∂ qx A ny − ∂ qy A nx , with A n = i Ψ nq |J ∂ q |Ψ nq / Ψ nq |J |Ψ nq being the Berry connection.
Using the equation of motion of the wave packet, the thermal Hall current for Bosonic excitations is given by [16, 17, 34, 35] : Materials consideration.-We now estimate the size of the magnon-phonon interaction induced thermal Hall effect using realistic parameters. Let us consider the recently discovered monolayer ferromagnet CrI 3 [36] , in which the Cr 3+ ions carry S = 3/2, the lattice constant is a = 5Å and the mass M is about 50 times of the proton mass which is M c 2 = 5 × 10 10 eV [37] . The exchange coupling J = 2.2 meV and anisotropy K = 1.36 meV [38, 39] . We will also set the lattice vibration frequency for the nearest neighbor interactions at 10 meV, and for the second nearest neighbor interactions at 5 meV [38] . For simplicity, we have set γ = 0 in Eq. (6) [40] . Fig. 2(a) shows the band structure of the positive spectrum with D = 0.93 meV. The magnon and phonon bands have many crossing points, but they can be removed by the magnon-phonon interaction, although the gaps are too small to be seen on the figure. These avoided band crossing points have a large contribution to the Berry curvature. Fig. 2(b,c,d) show the distribution of the Berry curvatures of the three bands in log scale, which is given by Γ(
The dependence of the thermal Hall conductivity α xy on both temperature and the strength of the DM interaction is shown in Fig 3. For T = 20 K, D = 0.93 meV, we get α xy ∼ 9 × 10 −13 W/K. In Ref. [8] , the magnon thermal Hall conductance of the 3D sample is around 10
If we assume that the thickness of a monolayer sample is 5Å, then the thermal Hall conductance for one monolayer is about 5×10 −13 W/K. Therefore, the order of magnitude of the thermal Hall conductance from our model is comparable to that from the magnon Hall effect. Note that the thermal Hall conductance flips sign when temperature is around 17 K. This is due to the contribution from the Berry curvatures of the higher bands near the Γ point, which have the opposite sign and larger magnitude compared with that from the lowest band.
In summary, we have proposed a new mechanism for the thermal Hall effect in an exchange spin-wave system by magnon-phonon interactions. The key ingredient is an out-of-plane magnetization and an in-plane DM vector due to mirror symmetry breaking. This can be realized in bulk crystals with broken mirror symmetry, or in low-dimensional systems where the mirror symmetry is broken by either a heterointerface or an applied gate voltage. Our result revealed the crucial role of the magnon-phonon interaction in the thermal Hall effect, and may find applications in the emerging field of spin caloritronics [23] .
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where M is the ion's mass, and V ({R i }) is the potential energy between ions under some ion configuration {R i }. We expand the potential around the equilibrium configuration {R 0 i } under the harmonic approximation
(15) where the deviation from its equilibrium position of the i-th ion u i ≡ R i − R 0 i . Here, we assume that the potential V ({R i }) contains only the first and second nearest neighbor interactions
with two vibrations frequencies Ω and Ω corresponding to two nearest neighbor atoms and two second nearest neighbor atoms, and Φ ij is the dynamic matrix in the real space. Here we only consider the vibrations along the bonds, since the vibrations perpendicular to the bonds are higher order effects. Accordingly, the phonon Hamiltonian can be written in the momentum q space
where the dynamic matrix in the momentum space is given by
where the 2 × 2 matrices σ x,y,z are the Pauli matrices.
Effective Phonon Model in the Square Lattice
We build an effective theory just for phonons by integrating out the magnon degree of freedom. Our starting point is the equation of motion for ions [25] ,
where 
where the coupling matrix T αβ q = δj (1 − e −iδj ·q )T αβ (δ j ) with δ j the nearest neighbor vector is a symmetric matrix. Standard linear response theory in the frequency representation can be explicitly written as [25] F q (ω) = T (q)χ(q; ω)T (−q)u q (ω) ,
where χ αβ (q; ω) = − Here we use the convention that a bold form such as χ, T , F and u denotes a tensor, and the plain form such as χ αβ denotes a tensor component. To proceed further, let us consider the low temperature regime where only the modes with low frequencies ω are important. Therefore, we can expand χ(q; ω) to the first order of ω, χ(q; ω) ≈ χ 0 (q)+iωχ 1 (q). Inserting Eq. (21) back to Eq. (19), we obtain
where K(q) = Φ(q) + δΦ(q) − A 2 (q)/M , with δΦ(q) = T (q)χ 0 (q)T (−q)
and A(q) = 2T (q)χ 1 (q)T (−q) .
Note that these two corrections δΦ and A are proportional to the real and imaginary part of the spin-spin response function, respectively. It is straightforward to show that Eq. (22) can be simply derived from the effective Hamiltonian (Eq. (10)) in the main text. Therefore, Reχ(q; ω) provides a screening effect to the inter-atomic interaction, and Imχ(q; ω) provides an effective magnetic field for phonons.
To be specific, we calculate the δΦ(q) and A(q) terms in the square lattice. We first calculate χ(q; ω) using the
